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ABSTRACT
In this communication we consider wave equa-
tions describing the classical excitations in mi-
crotubules. We found that there exists double-
periodic solution for these equations. Classical
solutions form background of quantum excita-
tions. Quantum excitations are considered by
Bogoliubov’s group variables method. As a re-
sult these contain no zero-modes.
Keywords: Microtubules, Quantum com-
putation, Bogoliubov’s transformation, Condi-
tional density matrix, Polaron.
1. INTRODUCTION
Among the various structures of cytoskele-
ton microtubules appear to be prominent ones
(and almost unknown for nonbiologists). Mi-
crotubules represent hollow cylinders formed by
protofilamets aligned along their axes. The
cylindrical walls of microtubules usually are as-
semblies of 13 longitudinal protofilaments, each
of which is the series of subunit proteins — tubu-
lin dimers. Each dimer has an electric dipole.
Thus from the physical point of view micro-
tubules may be described as oriented assemblies
of dipoles.
The hypothesis that microtubules are actively
involved in reception and transduction of sen-
sory information was been proposed in the twen-
ties of the past century [1].
Frohlich [2] developed the general theory of bi-
ological structures which allows nonlinear dipole
excitations among substructures. Frohlich the-
ory asserts that the coherent oscillations and the
long-range order arise in biological structures.
The dimers form the hexagonal structures on
the outer well of microtubules. Hameroff [3] con-
nected their properties with possibility of the
cellular automat. The states of this automat
are changed as a result of Frohlich dipole os-
cillations. This array was the smallest classical
computer.
Recently it was assumed [4] that the kink-
like excitations may propagate along the micro-
tubules(with velocity about 1 m/s) and that cre-
ation and detection of these excitations develop
into the communication system of living organ-
isms.
However there was serious objection against
this model. It was connected with charge trans-
port along microtubules. In particular Tegmark
[5] has showed that this mechanism could not
lead to the spread of excitations.
In this communication we study nonlinear
wave equations describing microtubule excita-
tions. We found that there exists double -
periodic solutions for these nonlinear wave equa-
1
tions.
These solutions are connected with charge
transport along the microtubules and define the
structure of quantum excitations arising on clas-
sical background. There is no problem with co-
herence in this case.
The problem of quatization of nonlinear wave
equations in the neighborhood of classical field,
here classical double-periodic solution, is con-
sidered in this paper by Bogoliubov’s group
variables method [6]. One of very important
achievement of Bogoliubov’s method is absence
of so named zero modes arising in straight meth-
ods of quantization on classical background.
Thus this approach gives us possibility to avoid
false conclusion about long-range interactions in
biological systems. The symmetry of the system
connected with oscillating motion of dimers is
taking into account precisely. The introduction
of the new dynamical variables which play the
role of symmetry group parameters gives us pos-
sibilities to calculate the quantum corrections as
perturbation to classical solution and to take ac-
count the conservation laws.
We propose the scheme of quantization and
receive the quantum excitations in the neigh-
borhood classical solutions. These results leads
to the assumption that quantum communication
can play the important role in sensory and cog-
nition process. In particular it is possible to
separate the structure inside the mucrotubules
such that their function is similarly to quantum
automats. The operating speed for quantum
automats as usual is higher than the operat-
ing speed for corresponding classical automats.
In addition the acceleration of operation is con-
nected with higher organization of microtubule
states but not with new physical mechanisms.
The analyze of that possibilities demands the
higher than usual precision in definition of no-
tions for divisions quantum systems into subsys-
tems and reunification of subsystems into a joint
system. This problem always arises in investiga-
tion of quantum scheme communications. The
consideration of these processes is carried out
with the help of conception of conditional den-
sity matrix [7]. This approach could solve all
problems well known as ”quantum paradoxes”.
Consideration in the terms of conditional den-
sity matrix gives adequate to physical process
description.
2. CLASSICAL FIELD
IN MICROTUBULES
To considerable extend the physical foun-
dation of Penrose’s and Hammeroff’s cogni-
tion [8],[9] theory is based on the hypothesis
that there exist solitons in microtubules such
that ”quantum computation” processes are con-
nected with them. It is very essential to the un-
derstanding of similar processes that although
the generation of solitons is absolutely quan-
tum effect the superposition of an abundance
of quantum modes hides most of pure quantum
soliton properties. As a result in the first place
the soliton should be considered as classical ob-
ject connected with the process of a quantum
cognition.
In this paper we want to show that there
is a possibility of generation a different state
in microtubules on the classical level. This
state could forms a background for an impor-
tant ”quantum cognition” processes.
The description of quantum cognition pro-
cesses is based on the conception the nature
of biological order after Frohlich [2]. Frohlich
argued that an ensemble of strongly interact-
ing electrical dipoles that are capable of high-
frequency oscillations under the influences of the
external electric field may form the a metastable
state characterized by long-range correlations.
Let the field φ(x) be a vector projection on
the microtubule axis for microtubule dimer de-
flection from equilibrium. Here x is a coordi-
nate along the microtubule axis. Moreover we
suppose that the time evolution of the field is
described by nonlinear Klein-Gordon equation.
∂2φ(x, t)
∂t2
− ∂
2φ(x, t)
∂x2
+
m2φ(x, t) + ǫφ3(x, t) = 0,
0 ≤ x ≤ 2π. (1)
Here the electrical dimers field [4] influence on
the orientation of the field φ is not taken into
account. Nevertheless these effects arise dur-
ing successive description for micrortubules pro-
cesses on the basis of nonstationary polaron the-
ory [11].
It is known two classes of double periodic solu-
tions for this equation. The first one is traveling
wave:
φ(x, t) = φ(x− vt). (2)
2
In this case the wave equation is Duffing equa-
tion. The periodic solutions are elliptic Jacobi
functions.
The second class of doubly periodic solutions
consists of function in the standing wave form:
φ(x, t) =
∞∑
k=1
∞∑
l=1
Ckl sin(k(x − x0)) sin(lω(t− t0)), (3)
where x0 and t0 are constants determined by
boundary and initial conditions. The wave
equation is a translation-invariant, so we can re-
strict our consideration to zero x0 and t0.
In this case the solutions were under study in
the paper [11] provided that ǫ is small.
The possibility to obtain an uniform expan-
sion, using standard asymptotic methods, de-
pends on value of the frequencies in the zero
approximation.
If ǫ = 0, then wave equation is linear and
has periodic solutions with frequencies in time
Ωl =
√
l2 +m2. There are two fundamentally
different cases. If the ratio Ωj/Ωk is irrational
for all j and k then it is a non-resonant case.
The periodic asymptotic in non-resonant case
are well-known.
The resonance case, when there exist two fre-
quencies Ωj , whose relation is rational, is more
difficult. The Krylov-Bogoliubov method can
be used to find periodic solutions only to a few
leading orders in ǫ.
Without loss of generality it can be assumed
that under resonance conditions m = 0. We
introduce the new time t˜ = ωt and look for a
doubly-periodic solution in the form:
φ(x, t˜, ǫ) =
∞∑
n=0
ǫnφn(x, t˜), (4)
ω = ω(ǫ) = 1 +
∞∑
n=1
ǫnωn. (5)
Expanding the wave equation in power series
in ǫ gives a sequence of equations for φn. Two
leading equations are:
∂2φ0(x, t˜)
∂t˜2
− ∂
2φ0(x, t˜)
∂x2
= 0, (6)
∂2φ1(x, t˜)
∂t˜2
− ∂
2φ1(x, t˜)
∂x2
=
2ω1
∂2φ0(x, t˜)
∂t˜2
+ φ0
3(x, t˜). (7)
The general solution of the zero approximation
is
φ0(x, t˜) =
∞∑
n=1
an sin(nx) sin(nt˜) (8)
with arbitrary an. We have to find coefficients
an so that the function φ1(x, t˜) is a double-
periodic:
φ1(x, t˜) =
∞∑
k=1
∞∑
l=1
bkl sin(kx) sin(lt˜). (9)
Whenever quantum phenomena for system with
essentially nonlinear interaction are investigated
it must be borne in mind that quantization de-
velops on the classical field background. In other
words the ground state of the system is no longer
vacuum, i.e. the state without any quantum
excitation, but another state. New ”dressed
vacuum” contains so many quantum excitations
that it is easier to describe its properties on
classical language. Namely this property of the
ground state is principal for Frolich approach.
The fundamentals for general theory of similar
phenomena were found by Bogoliubov in 1950
[6].
We present the model of quantum information
transport inside microtubules in terms of repre-
sentation about nonstationary polaron [11]. Let
Ψ(x) be the field connected with dimer distri-
bution for microtubules; then it is possible to
present the action of the system in the form
S =
1
2
∫
dτ(φ2t − φ2x −m2φ2) +
g2
∫
dτ(Ψ∗tΨt −Ψ∗xΨx −M2Ψ∗Ψ) −
g
∫
dτΨ∗Ψφ2, (10)
The translation invariance of the action results
in two integrals of motion, the energy and the
momentum. We obtain the expressions for the
integrals of motion
H =
1
2
∫
dλ(pˆ2 + qˆ2λ +m
2qˆ2) +
g2
∫
dλ(Ψ∗tΨt −Ψ∗λΨx −M2Ψ∗Ψ) −
3
g∫
dλΨ∗Ψqˆ2, (11)
P =
∫
dλpˆqˆλ + g
2
∫
dλ(Ψ∗nΨλ +Ψ
∗
λΨn). (12)
Inequality g >> 1 clearly shows the energy re-
lation between different subsystems: if the in-
teraction is neglected; then monomers energy is
rather more than the energy associated with the
field φ.
To define quantized field φ it is necessary to
define the operators qˆ, pˆ such that the canonical
commutation relation satisfies
[qˆ(x, t), pˆ(x
′
, t)] = iδ(x− x′). (13)
For our purposes the next representation is best
suitable
qˆ(x) =
1√
2
(φ(x) + i
δ
δφn(x)
), (14)
pˆ(x) =
1√
2
(φn(x) − i
δ
δφ(x)
), (15)
It is supposed that the functions φ(x), φn(x) are
independent here.
3. PERTURBATION THEORY
After separating large components from these
functions
φ(x) = gv(x
′
) + u(x
′
), (16)
φn(x) = gvn(x
′
) + un(x
′
), (17)
one gets that the operators qˆ, pˆ are transformed
analogously. The terms have different powers of
g:
qˆ = gF (x
′
) + Qˆ(x
′
) +
1
g
Aˆ(x
′
), (18)
pˆ = gFn(x
′
) + Pˆ (x
′
) +
1
g
Aˆn(x
′
). (19)
Hamiltonian has a similar structure:
Hˆ = g2H−2 + gHˆ−1 + Hˆ0 +
1
g
H1. (20)
The first term is c – number.The operator Hˆ−1
is linear form of Qˆ Pˆ and the operator Hˆ0 is
bilinear form of qˆ, pˆ, Ψ, Ψn, Ψ
∗, Ψ∗n. The lin-
ear powers of Qˆ and Pˆ arise before quadratic
ones. This circumstance inhibits the realization
of regular perturbation theory. For elimination
of these difficulties we put Hˆ−1 equal zero. It is
possible only in the case when function v(x, t)
satisfies the equation
vtt(x, t) − vxx(x, t) +
m2v(x, t) + W (x, t) = 0, (21)
where W (x, t) is functional of the third order
according to v(x, t).
Degree of nonlocality is defined by effective
dimension of microtubule dimer. To a first ap-
proximation when dimer is considered as point
particle the equation for v becomes nonlinear
Klein-Gordon equation which was analyzed ear-
lier.
4. CONDITIONAL DENSITY MATRIX
After transformations made above we are
close to construction of realistic model of quan-
tum excitations in microtubules. Nevertheless
the description how these excitations work needs
the additional efforts. The famous Penrose and
Hammeroff theory tries to overcome the arising
difficulties. The proposed theory is very inge-
nious. However we want to note that in our
opinion the authors are not completely right.
Really quantum description of quantum brain
function is a problem of quantum communica-
tion theory. Its solution needs creation of sys-
tematic methods for description of subsystem
unification and system separation into subsys-
tems. Although this problem was resolved in
1927 by von Neumann the present researchers
as rule do not use the advantages of his ap-
proach and commonly methods used for system
and subsystems description are not quite clear.
The density matrix method could be developed
by conditional density matrix introducing. We
suppose that conditional density matrix utiliza-
tion helps to resolve the problems of quantum
problem description in microtubules.
The possibility to separate the system S12 into
subsystems S1 and S2 naturally leads to follow-
ing definition.
Let an operator Fˆ = fˆ(x)Pˆ2(y), where Pˆ2 is a
projector on the Ψ2,correspond to the physical
4
variable F (x, y) then
< Fˆ >ρ= Tr1,2(fˆ ρˆPˆ2) = Tr1(fˆT r2(ρˆPˆ2)).
The operator P2 may be connected with the
state of subsystem II such that some observ-
able F2 has an exact value f2. The operator
Tr2(ρˆPˆ2) is proportional to some density ma-
trix of the first system – ρ˜I . The ρ˜I defines
state of system I under condition that F2 has
the exact value f2. After normalization we get
an operator
ρˆ1/2 =
Tr2(Pˆ2ρˆ)
Tr(Pˆ2ρˆ)
It is Conditional Density Matrix for the subsys-
tem 1 when the subsystem 2 is selected in the
pure state ρˆ2 = Pˆ2 = ρˆ
2
2
. It is the most impor-
tant case for quantum communications.
5. CONCLUSION
In present communication for the first time
the successive description of interaction of the
field φ(x) with tubulin dimers is proposed.
The field φ(x) is deflection vector projection of
dimers on the axis of microtubule with finite
length.
In the proposed formalism the new type of
space- time microtubule organization is found
out. This organization is connected with double-
periodic solution φ(x)
Quantum description for microtubules pro-
cesses is made with utilization of Bogoliubov’s
method. This method givesq us possibility to
take into account the existence of classical com-
ponent and translation invariant quantum exci-
tations simultaneously.
The processes of unification and separation
composite system into subsystems are basic for
information theory. It is proposed to use condi-
tional density matrix method for construction
information quantum transport mechanism in
microtubules.
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